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    Abstract- Series–series (SS) and series–parallel (SP) topologies 

are widely used in resonant inductive coupling wireless power 

transfer (RIC-WPT) systems for various applications. However, 

the selection of an appropriate topology to achieve higher output 

power or higher efficiency is typically difficult because design 

optimization of the circuit parameters (e.g., characteristic 

impedance, load resistance, and mutual inductance) for each 

topology is generally separately discussed using different 

equivalent circuits with multiple resonance modes. Therefore, the 

purpose of this study involves proposing a simple strategy to 

select an appropriate topology. The proposed strategy is based on 

quasi-duality between the SS and SP topologies that are 

elucidated from the novel equivalent circuits derived using 

Lagrangian dynamics. Based on the quasi-duality, the output 

power and efficiency of the SP topology are calculated via the 

equivalent circuit of SS topology. Thus, the quasi-duality offers a 

simple comparison between the SS and SP topologies. The 

proposed strategy selects an appropriate topology by only 

comparing the equivalent AC load resistance, which is the AC 

resistance including the rectifying circuit and the load resistance, 

the characteristic impedance, and the AC load resistance that 

achieves the maximum efficiency or maximum output power of 

the SS topology. Experiments verify the appropriateness and 

effectiveness of the proposed strategy.1 

 

I.  INTRODUCTION 

 

Wireless power transfer (WPT) techniques are attracting 

significant attention as an emerging technology for power 

supplies. The WPT techniques can overcome the need for 

physical cable connections. Thus, the WPT techniques realize 

convenient, reliable, and safe power supplies. Specifically, 

resonant inductive coupling WPT (RIC-WPT) systems via the 

magnetic induction between loosely coupled coils are widely 

studied as a high efficiency WPT technique for various 

applications including electric vehicles [1]–[3], mobile devices 

[4], and biomedical devices [5]–[6]. 

                                                 
This paper is an extending version of “Elucidation of quasi-duality between 

series–series and series–parallel topologies of resonant inductive coupling 

wireless power transfer systems”, which was presented at the International 

Conference on Power Electronics and Drive Systems, Honolulu, HI, USA, 

Dec. 12–15, 2017. 

M. Ishihara, K. Umetani, and E. Hiraki are with the Graduate School of 

Natural Science and Technology, Okayama University, Okayama, Japan (e-

mail: p4wv0vf6@s.okayama-u.ac.jp; umetani@okayama-u.ac.jp; 

hiraki@okayama-u.ac.jp). 

Fig. 1 illustrates the typical RIC-WPT system where W1 

and W2 denote the transmitting and receiving coils, 

respectively. As shown in Fig. 1, significant leakage flux is 

generated because magnetic coupling between the coils is 

typically significantly weak. Reactive impedance due to the 

leakage flux decreases the power factor and output power. 

Therefore, in the RIC-WPT systems, the resonance capacitor 

is connected to each coil to cancel the reactive impedance [2], 

[3], [7]–[13]. 

The RIC-WPT systems are mainly classified into two basic 

topologies known as series–series (SS) and series–parallel 

(SP) topologies based on the connection of the secondary 

resonance capacitor [1]–[16]. Between the SS and SP 

topologies, an appropriate topology must be selected based on 

specifications for various applications at the beginning of the 

RIC-WPT design. The output power at a given voltage of the 

source [2], [7] and efficiency [13], [14] are typically 

considered as the performance criteria to select an appropriate 

topology. 

However, the selection of an appropriate topology is 

typically difficult when comparing the output power and the 

efficiency between the SS and SP topologies. The SS and SP 

topologies are analyzed and designed separately based on 

different equivalent circuits with multiple resonant modes due 

to the frequency splitting phenomenon [2], [5], [6], [10], [12], 

[17], [18]. The complicated operating principle due to the 

multiple resonant modes prevents a straightforward 

comparison of the circuit performances based on the values of 

Transmitting resonator

(with voltage source)

Voltage source

Transmitting coil: W1

Main flux

Primary 
resonance
capacitor

Receiving coil: W2

Equivalent AC load

Receiving resonator

(with load)

Secondary
resonance
capacitor

Leakage flux

 
Fig. 1 Typical resonant inductive coupling wireless power transfer system. 
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the circuit parameter such as characteristic impedance, 

equivalent AC load resistance, which is the AC resistance 

including the rectifying circuit and the load resistance, and 

mutual inductance. 

Strategies to select an appropriate topology between the SS 

and SP topologies are discussed in a few previous studies [13], 

[14]. Extant studies including [13] and [14] investigated which 

SS and SP topologies achieve higher efficiency based on a 

value of the operating frequency [13] or the equivalent AC 

load resistance [14]. The strategies are simple, and 

effectiveness was successfully confirmed in the 

aforementioned studies. However, the discussions in [13] and 

[14] are limited to a basic case wherein the operating 

frequency is equal to the natural resonance frequencies of the 

transmitting resonator (transmitter) and receiving resonator 

(receiver). Thus, the strategy of the topology selection is not 

clear at different frequencies from the natural resonance 

frequency of the resonators that include frequencies 

corresponding to the multiple resonant modes. Additionally, 

the strategy of the topology selection in terms of the output 

power is still unknown. Establishing the strategy of topology 

selection in terms of the output power is more difficult than in 

terms of efficiency because the output power is easily affected 

by the frequency splitting phenomenon. 

Certainly, [19] compared the SS and SP topologies at some 

more operating frequencies other than the natural resonance 

frequency. However, this study also specified the operating 

frequency for comparison. Therefore, the operating frequency 

for comparison is still limited in these extant studies. The 

reason for this limitation may lie in the fact that these extant 

studies analyzed the SS and SP topologies using the circuit 

theory. According to the circuit theory, the SS and SP 

topologies have different circuit configuration, which makes 

the comparison difficult over a continuous operating 

frequency range near the natural resonance frequency. 

A key to establishing a straightforward strategy for the 

topology selection may correspond to the duality relation 

between the SS and SP topologies. The duality [20], [21] is 

well known as a promising concept for the derivation of novel 

circuits [22] and analysis of circuit behavior [9], [23], [24]. 

Two circuits under the duality relation exhibit the same 

behavior in terms of the input/output power. Conversely, the 

current and voltage of circuit elements are interchanged. 

Hence, the circuits under the duality relation follow the same 

circuit equations with the exception that the role of the voltage 

and current are interchanged. Therefore, the performance of 

the circuits under the duality relation is analyzed via the same 

equivalent circuit. Hence, if the duality relation between the 

SS and SP topologies can be elucidated, then the analysis 

result of either topology may be shared with the other 

topology. This can result in a straightforward comparison of 

the output power and efficiency based on the change of 

various circuit parameters. Furthermore, sharing the same 

equivalent circuit will lead to avoiding the problem of the 

extant studies for comparing the SS and SP topologies. 

Consequently, the duality relation can result in a simple but 

generalized topology selection strategy that is not limited to 

some specific frequencies but can be applicable over a 

continuous operating frequency range near the natural 

resonance frequency. 

Recently, the duality relation between the SS and SP 

topologies was elucidated via analyzing novel equivalent 

circuits derived using Lagrangian dynamics [9]. Based on [9], 

the SP topology approximately works as the dual of the SS 

topology in which the equivalent AC load resistance R is 

replaced by Z2/R where Z denotes the characteristic impedance 

of the receiver. An extant study by [9] referred to the relation 

as the quasi-duality because it is close to the duality. This 

knowledge is promising because the output power and 

efficiency of the SP topology are calculated using the 

equivalent circuit of SS topology in which the equivalent AC 

load resistance is transformed. Thus, the selection of an 

appropriate topology is reduced to determining which R and 

Z2/R are preferable in the equivalent circuit of SS topology. 

However, the selection of an appropriate topology discussed 

in [9] continues to be complicated. In order to select an 

appropriate topology, it is necessary to calculate and compare 

output power and the efficiency at the two types of equivalent 

AC load resistances corresponding to each topology by using 

the equivalent circuit of SS topology. This procedure is 

potentially tedious and time-consuming. If simple boundaries 

for the performances (i.e., the output power and efficiency) 

between the SS and SP topologies are elucidated using quasi-

duality, a more simple and general strategy for topology 

selection can be obtained. 

Therefore, the purpose of this paper is to propose a 

straightforward topology selection strategy from the SS and 

SP topologies. The proposed strategy can choose the 

preferable topology with greater output power and better 

efficiency by only comparing the three resistance explicitly 

defined using the circuit parameters. The derivation of the 

strategy is based on the quasi-duality relation between the SS 

and SP topologies, which was elucidated in [9] using the 

Lagrangian dynamics. Along with the review of [9], i.e., the 

quasi-duality relation, this paper presents the analysis of the 

quasi-duality relation, which is newly performed to derive the 

proposed strategy. The derivation of this strategy is the 

additional contents from [9]. 

The proposed strategy is only applicable to the topology 

selection between the SS and SP topologies, although a 

number of other topologies have been proposed in literature 

[25]. Therefore, the practical application of the proposed 

strategy may still be limited. However, the derivation of the 

topology selection strategy is based on the quasi-duality 

relation, which has been recently elucidated by [9] using the 

Lagrangian dynamics. The Lagrangian dynamics is a recently 

developed analysis technique [21], [24], [26–30]; and 

therefore, the application know-how of this technique is still 

under development. Currently, the Lagrangian dynamics 

succeeded to derive the quasi-duality relation between the SS 

and SP topologies. However, this technique can be expected to 

elucidate the similar relations among various topologies in the 

near future. Then, the topology selection strategy can also be 
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expected to be derived for various topologies based on the 

similar analysis method as that presented in this paper. 

The study is organized in the following four sections. 

Section II reviews the quasi-duality between the SS and SP 

topologies based on [9]. Section III proposes a strategy for 

topology selection based on quasi-duality. Section IV verifies 

the appropriateness and effectiveness of the proposed strategy 

via experiments and simulations. Finally, section V concludes 

the study. 
 

II. QUASI-DUALITY BETWEEN SS AND SP TOPOLOGIES 

 

A. Procedure for elucidation of quasi-duality 

First, this subsection shows the procedure to elucidate the 

quasi-duality between the SS and SP topologies. Fig. 2 shows 

the circuit model of the SS and SP topologies of the RIC-WPT. 

Symbol E denotes the voltage of voltage source; R denotes the 

equivalent AC load resistance; N1 and N2 denote the number of 

turns of the transmitting coil (W1) and the receiving coil (W2); 

r1 and r2 denote the parasitic resistance of W1 and W2; P1, P2, 

and PM denote the permeance of the flux 1, 2, and M, 

respectively; k denotes the coupling coefficient between W1 

and W2; and C1 and C2 denote the capacitance. Fig. 3 

illustrates the equivalent circuits of Fig. 2 in which the loosely 

coupled coils are replaced with the T-shaped equivalent circuit. 

Symbol L1 and L2 denote the self-inductance of W1 and W2; M 

denotes the mutual inductance; and q1, q2, and qR denote the 

time integration of the current, and a dot over a variable 

indicates its time derivative. Additionally, L1, L2, and M are 

defined as follows: 


1 2

1 1 2 2

2 1

2 2

1 2 1 2 1 1 1 2 2 2

, ,

, , ,

leak leak

M leak leak

N N
L L M L L M

N N

M k L L N N P L N P L N P

   

   



where Lleak1 and Lleak2 denote the leakage inductance of the 

transmitting and receiving sides, respectively. 

Any duality between the SS and SP topologies is absent as 

shown in Fig. 2 and Fig. 3. However, the quasi-duality is 

elucidated by analyzing the equivalent circuits based on the 

following five steps [9]. 

1) The novel equivalent circuit of SS topology is derived by 

applying Lagrangian dynamics [26] to the original 

equivalent circuit, i.e., Fig. 2 (a). 

2) As in step 1, the original equivalent circuit of SP topology, 

i.e., Fig. 2 (b), is transformed via Lagrangian dynamics. 

3) The duality transformation is applied to the equivalent 

circuit of the SP topology obtained in step 2. 

4) Furthermore, the Δ-Y transformation, Thevenin’s theorem, 

an impedance transformation, and practical 

approximations are applied to the dual circuit of the SP 

topology obtained in step 3. 

5) Finally, the dual circuit of SP topology obtained in step 4 

is compared with the equivalent circuit of SS topology 

obtained in step 1. 

 

B. Lagrangian equivalent circuit of SS topology (step 1) 

Recently, Lagrangian modeling method originally proposed 

in [26] was demonstrated as effective for power electronics 

researches. Lagrangian dynamics can derive various 

equivalent circuits that can scarcely be derived using circuit 

theory. Thus, Lagrangian dynamics offer novel insights (e.g., 

the quasi-duality between the SS and SP topologies of the 

RIC-WPT) that are not obtained using only circuit theory. 

Other applications of Lagrangian dynamics include the 

derivation of simple analysis models for integrated magnetic 

components [27], [28], duality transformation method for non-

planar circuits [21], elucidation of the quasi-duality between 

the SS and SP topologies of the resonant capacitive coupling 

WPT systems [24], derivation of a novel simple equivalent 

circuit of the RIC-WPT system with dual transmitting 

resonators [29], and Lagrangian-based development of a 

sliding-mode control for the synchronous converter [30]. 

The derivation method of a novel equivalent circuit using 

Lagrangian dynamics consists of the following three 

systematic procedures. First, the Lagrangian and dissipation 

function, i.e., the Lagrangian model, of the conventional 

circuit model is configured. Second, an appropriate coordinate 

N1 turn(s) N2 turn(s)

R
C2

E
r1C1

k

r2

Flux M

(Permeance: PM )

Flux 1 (Permeance: P1) Flux 2 (Permeance: P2)

 
(a) 

 

Flux M

(Permeance: PM )

R

C2

E
r1

r2

C1

k
Flux 1 (Permeance: P1) Flux 2 (Permeance: P2)

N1 turn(s) N2 turn(s)

 
(b) 

Fig. 2 Circuit models of RIC-WPT system. (a) Series-Series topology. (b) 

Series-Parallel topology. 
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transformation is applied to the Lagrangian model obtained 

via the first procedure. The coordinate transformation 

conserves the circuit behavior for power. Thus, another 

Lagrangian model belonging to a different circuit topology is 

obtained in the procedure. Third, the Lagrangian model 

obtained in the second procedure is translated into a circuit 

diagram. In this study, the equivalent circuit obtained using 

Lagrangian dynamics is termed as the Lagrangian equivalent 

circuit. 

Based on [9], [26], we construct the Lagrangian model of 

SS topology shown in Fig. 3 (a). For the purpose of 

convenience, all the capacitors are assumed to not exhibit an 

initial charge. The Lagrangian ΛSS and dissipation function 

DSS are formulated as follows: 


    2

1 1 1 2 2 2 1 1

2 2 2 2

2 2 1 1 2 2 1

2

2 2 2 2 ,

SS M M

M M

N q N q P

P P q C q C Eq

    

 

     

    

ɺ ɺ

 

 2 2 2

2 1 1 2 22 2 2.SSD Rq r q r q  ɺ ɺ ɺ  

In the right-hand side of (2), the 1st–5th terms denote the 

Lagrangian of W1 and W2; the 6th and 7th terms denote the 

Lagrangian of the capacitors; and the 8th term denotes the 

Lagrangian of the voltage source. Furthermore, in the right-

hand side of (3), the 1st term denotes the dissipation function 

of the equivalent AC load resistance, and the 2nd and 3rd 

terms denote the dissipation function of the parasitic resistance. 

Subsequently, an appropriate coordinate transformation is 

applied to (2) and (3) to yield another Lagrangian model that 

belongs to another circuit model. Thus, new variables qA, qB, 

A, and B are introduced as follows: 



   

       

2 2 1 1 1 2 1 1 2 2

1 1 2

1 1 2 1 2 2 1 1 2 1 2

, ,
2 2

, ,

A B

A B

N C q N C q N q N q
q q

N C N

P P P P P P P

 

     

 
 

     



where the dimensionless quantity of α and β are defined as 

follows: 


2 2

1 1 2 2

2 2 2 2

1 1 2 2 1 1 2 2

2 2
, .

N C N C

N C N C N C N C
  

 
 

We substitute (4) into (2) and (3) to obtain the following 

expression: 



  2

2 1

2 2 2 2

2 1 2

2 1 1 1 2 2

2

2

,

SS A A B B B M A

B A B M M

A B

N q q q q C

q C P P P

Eq N N Eq N C N C
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2

1 1 2

2

2 2 1 1 2

2

2 .

SS A B A B

A B

D R q q C r C q q

C r C r q q C

    

  

ɺ ɺ ɺ ɺ

ɺ ɺ

 

In order to derive (6) and (7), we introduce the practical 

approximation, i.e., Lleak1C1≈Lleak2C2. We assume that the 

resonance frequencies of the transmitter and receiver are equal 

as is natural for a common design of the RIC-WPT systems. 

Furthermore, in the RIC-WPT, the magnetic coupling between 

W1 and W2 is generally weak. Hence, the self-inductance of 

W1 and W2 are approximately equal to the leakage inductance 

of W1 and W2 under a small coupling coefficient k. Therefore, 

the approximation, i.e., Lleak1C1≈Lleak2C2 is reasonable while 

designing a practical RIC-WPT system. 

By translating (6) and (7) into a circuit model, the 

Lagrangian equivalent circuit of the SS topology is obtained as 

shown in Fig. 4. The circuit behavior for the output power and 

efficiency are identical as shown in Fig. 3 (a) and Fig. 4 

because the coordinate transformation conserves power. 

 

C. Lagrangian equivalent dual circuit of SP topology (step 2–

step 3) 

As in the case of the SS topology, we construct the 

Lagrangian model of the SP topology shown in Fig. 3 (b). The 

Lagrangian ΛSP and the dissipation function DSP are 

formulated as follows: 


     2

1 1 1 2 2 2 1 1

2 2 2 2

2 2 1 1 2 2 1

2

2 2 2 2 ,

SP M R M

M M

N q N q q P

P P q C q C Eq

    

 

      

    

ɺ ɺ ɺ

 

  22 2
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Subsequently, new variables qa, qb, qc, a, and b are 

introduced as follows: 


   

2 2 1 1 1 2 1 1 2 2
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We substitute (10) into (8) and (9) to obtain the following 

expression: 



     

 

2
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Fig. 4 Lagrangian equivalent circuit of SS topology. 
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Equations (11) and (12) are translated into Fig. 5. The output 

power and the efficiency of Fig. 5 are identical as shown in 

Fig. 3 (b). 

In order to discuss the quasi-duality, Fig. 5 is further 

transformed to obtain the equivalent dual circuit of the SP 

topology. Hence, the duality transformation is applied to Fig. 

5 to yield Fig. 6. 

 

D. Elucidation of quasi-duality (step 4–step 5) 

As shown in Fig. 4 and Fig. 6, the circuit networks are 

considerably different from each other. Therefore, any duality 

between the SS and SP topologies is still not observed. Hence, 

in this subsection, we elucidate the relationship between the 

SS and SP topologies by further analyzing the dual circuit of 

the SP topology, i.e., Fig. 6. 

Firstly, we apply the Δ-Y transformation to the sub-circuit 

denoted by the blue dashed line in Fig. 6. When the Δ-Y 

transformation is applied to Fig. 6, the following two 

approximations are introduced in addition to the already 

introduced approximation of Lleak1C1≈Lleak2C2. 

1. The operating frequency is in the vicinity of the resonance 

frequency of the transmitter and the receiver. Hence, 

2≈1/L1C1≈1/L2C2, where  denotes the operating angular 

frequency. 

2. The Q-factor of the transmitter and the receiver, i.e., Q1 

and Q2, sufficiently exceeds 1. Hence, Lleak1/r1>>1 and 

Lleak2/r2>>1. 

Hence, we obtain Fig. 7. 

Secondly, we further apply Thevenin’s theorem to the sub-

circuit as denoted by the red dashed line in Fig. 7. Thus, we 

obtain Fig. 8. In the transformation, output power is conserved. 

Conversely, input power is not strictly conserved because the 

sub-circuits apply Thevenin’s theorem including the resistive 

component, i.e., 1/2αr2 or 1/2βr2. However, based on the 

approximations of Q1>>1 and Q2>>1, we assume the current 

in 1/2αr2 and 1/2βr2 are sufficiently lower than the current in 

the capacitor parallel connected to 1/2αr2 or 1/2βr2. Therefore, 

the input power of Fig. 7 and Fig. 8 are approximately equal to 

each other. Hence, the output power and efficiency are almost 

identical between Fig. 7 and Fig. 8.  

Subsequently, an impedance transformation is applied to 

Fig. 8. Specifically, the voltage and current are multiplied by 

2Zc and 1/2Zc, respectively, where Zc is defined as 

Zc
2≡L2/C2≈Lleak2/C2 and corresponds to the characteristic 

impedance of the receiver. Thus, we obtain Fig. 9. 

Finally, we transform the sub-circuits marked by the dash 

lines (i)–(iv) in Fig. 9 via the previously introduced 

approximations. The voltage sources denoted by the red (i) 

and blue (ii) dashed lines are correspondingly approximated as 

follows: 
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Subsequently, the impedance denoted by the green dash lines 

(iii) is defined as Zl. The impedance Zl is represented as 

follows: 
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Fig. 6 Dual circuit of Fig. 5. 
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Fig. 7 Equivalent circuit applying Δ-Y transformation to Fig 6. 
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Fig. 8 Equivalent circuit applying Thevenin's theorem to Fig 7. 
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The first term in the right-hand side of (15) is approximated as 

follows: 



2

2 222

2 2 2 2 2
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We substitute (16) into (15) to obtain the following 

expression: 

   1 1 2 2 22 1 .l leakZ rC C j C j L      

As in Zl, the impedance denoted by the purple dash lines (iv) 

is defined as Zr. The impedance Zr is represented as follows: 
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The first and third terms in the right-hand side of (18) are 

approximated as follows: 
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We substitute (19) and (20) into (18) to obtain the following 

expression: 
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We apply (13), (14), (17), and (21) to Fig. 9 to obtain Fig. 10. 

The input power and output power are almost conserved via 

the process of deriving Fig. 10. Therefore, Fig. 10 

approximately works as the dual circuit of the SP topology. 

Fig. 4 and Fig. 10 show the same topology and the same 

parameters with the exception of the equivalent AC load 

resistance. Strictly speaking, the parameter of the voltage 

sources of Fig. 10 includes the imaginary unit j. However, the 

phase relation between two voltage sources in the equivalent 

circuit is identical in Fig. 4 and Fig. 10. Therefore, with 

respect to the case of analyzing the input power and output 

power per unit time, the difference due to the presence or 

absence of the imaginary unit is ignored. 

Based on Fig. 4 and Fig. 10, the SP topology of the RIC-

WPT system approximately behaves as the dual of the SS 

topology in which the equivalent AC load resistance R is 

replaced by Zc
2/R. The relation is termed as the quasi-duality. 

Based on the quasi-duality, the output power and efficiency of 

the SP topology (Fig. (3b)) are calculated via the original 

equivalent circuit of the SS topology (Fig. 3 (a)). The insight 

offers a straightforward comparison between the SS and SP 

topologies. 
 

III. PROPOSED STRATEGY OF TOPOLOGY SELECTION  

BASED ON QUASI-DUALITY 

 

Fig. 11 shows the unified analysis model for the SS and SP 

topologies based on the quasi-duality. For calculation of the 

output power and efficiency of the SS topology, the equivalent 

AC load resistance should be set at R. On the other hand, for 

calculation of the SP topology, the equivalent AC load 

resistance should be set at Zc
2/R. In this section, we propose a 

strategy of the topology selection between the SS and SP 

topologies based on the following three steps. 

1) Based on Fig. 11, we derive the output power Po and 

efficiency η of the SS and SP topologies by referring to 

[31]. 

2) We derive the boundary resistance of Po, i.e., the 

equivalent AC load resistance wherein the superiority in 

terms of Po of the SS and SP topologies are exchanged. 

Subsequently, based on the boundary resistance of Po, we 

propose the strategy of the topology selection in terms of 

Po. 

3) As in step 2, we derive the boundary resistance of η, i.e., 

the equivalent AC load resistance by which the 

superiority in terms of η of the SS and SP topologies are 

exchanged. Subsequently, based on the boundary 

resistance of η, we propose the strategy of the topology 

selection in terms of η. 

 

A. Derivation of output power and efficiency of SS and SP 

topologies (step 1) 

Firstly, we set the equivalent AC load resistance to R. Based 

on Kirchhoff’s voltage law, Fig. 11 is described as follows: 
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Fig. 10 Approximated equivalent dual circuit based on Fig. 9. 
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Fig. 11 Analytical model for SS and SP topologies based on quasi-duality. 
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where jX1 and jX2 are defined as follows: 

    1 1 1 2 2 21 , 1 .jX j L C jX j L C        

Subsequently, from (22) and (23), the transmitter current IL1 

and the receiver current IL2 are correspondingly derived as 

follows: 

    1 1 1 2 2 2, ,L R I p L R I pI E N jN D I E N jN D    

where, N1R, N1I, N2R, N2I, and Dp are defined as follows: 
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From (24) and (25), the input power Pi and output power Po 

are correspondingly derived as follows: 
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By dividing the output power by the input power, η is derived 

as follows: 
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Subsequently, we define the equivalent AC load resistance 

values to achieve the maximum Po and maximum η as RSS_pmax 

and RSS_ηmax. From (27) and (28), RSS_pmax and RSS_ηmax are 

derived as resistance values that satisfy ∂Po/∂R=0 and ∂η/∂R=0, 

respectively. Therefore, RSS_pmax and RSS_ηmax are derived as 

follows: 


 2 2 4 4

1 2 1 2 2 2

_ max 2 22 2

1 1

2
,SS p

M r r X X M
R r X

r X

  
  




 2 2 2 2

_ max 2 1 2 2 .SSR M r r r X     

The equations (22)–(30) correspond to the common analysis 

results of the SS topology. The analysis results are well known 

[31], [32].  

However, based on the quasi-duality, the input power, 

output power, and efficiency of the SP topology are easily 

calculated by only replacing the equivalent AC load resistance 

R of the equations (26)–(28) with Zc
2/R. Additionally, based 

on the quasi-duality, the resistance RSP_pmax to achieve the 

maximum power of the SP topology and resistance RSP_ηmax to 

achieve the maximum efficiency of the SP topology is easily 

derived as follows: 

 2 2

_ max _ max _ max _ max, .SP p c SS p SP c SSR Z R R Z R    

The maximum output power of the SS and SP topologies are 

identical due to the maximum power of Fig. 11 corresponding 

to the maximum power of both the topologies. Similarly, the 

maximum efficiency of the SS and SP topologies are identical. 

The insights follow those derived in extant studies [13]. 

 

B. Proposed strategy of topology selection in terms of output 

power (step 2) 

Subsequently, we derive the boundary resistance for the 

output power. In order to ensure the simplicity of the 

calculation, we divide the denominator and numerator of (27) 

by R. Thus, the terms for R appear only in the denominator. 

Subsequently, we extract only the terms for R in the 

denominator and define the sum of the terms as x. Furthermore, 

we denote x as xSS when the equivalent AC load resistance is 

set at R, whereas we denote x as xSP when the equivalent AC 

load resistance is set at Zc
2/R. Thus, xSS and xSP are derived as 

follows: 
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The magnitude relation of the output power between SS and 

SP topologies is calculated via analyzing the magnitude 

relation between xSS and xSP. 

In order to discuss the magnitude relation between xSS and 

xSP, we calculate xSS−xSP. If xSS−xSP<0, the SS topology 

achieves higher output power than the SP topology. 

Conversely, if xSS−xSP>0, the SP topology achieves higher 

output power than the SS topology. Furthermore, if xSS−xSP=0, 

the output powers of the SS and SP topologies are identical. 

Subsequently, xSS−xSP is calculated as follows: 

    2 2 2 2 2

1 1 _ max 1 .SS SP c SS p cx x r X Z R R Z R     

The factor of (r1
2+X1

2) in the right-hand side of (34) is always 

positive. Therefore, the sign of xSS−xSP is determined by the 

signs of (Zc
2–RSS_pmax

2) and (R/Zc
2–1/R). Thus, an appropriate 

topology to achieve higher output power is only determined 

via the magnitude relationship between Zc and RSS_pmax and the 

magnitude relationship between Zc and R. Therefore, the 

boundary resistance for the output power corresponds to Zc. 

Finally, an appropriate topology to achieve higher output 

power is summarized as shown in Table I. 

From Table I, Zc denotes the critical factor to select an 

appropriate topology in terms of the output power. Generally, 
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the SS topology is appropriate when the equivalent AC load 

resistance is low, and the SP topology is appropriate when the 

equivalent AC load resistance is high [6]. However, Table I 

indicates that this common knowledge is not always the case. 

 

C. Proposed strategy of topology selection in terms of 

efficiency (step 3) 

As in the case of the output power, we derive the boundary 

resistance for efficiency. First, we divide the denominator and 

numerator of (28) by R. Thus, the terms for R appear only in 

the denominator. Subsequently, we extract only the terms for 

R in the denominator; and we define the sum of the terms as y. 

Furthermore, we denote y as ySS when the equivalent AC load 

resistance is set at R, whereas we define y as ySP when the 

equivalent AC load resistance is set at Zc
2/R. Thus, ySS and ySP 

are derived as follows: 

  2 2 2 2

2 1 2 2 1 ,SSy M r r r X R r R       

  2 2 2 2 2 2

2 1 2 2 1 .SP c cy M r r r X R Z r Z R       

The magnitude relation of the efficiency between the SS and 

SP topologies is calculated via analyzing the magnitude 

relation between ySS and ySP. 

In order to discuss the magnitude relation between ySS and 

ySP, we calculate ySS−ySP. If ySS−ySP<0, the SS topology 

achieves higher efficiency than the SP topology. Conversely, 

if ySS−ySP>0, the SP topology achieves higher efficiency than 

the SS topology. Furthermore, if ySS−ySP=0, the efficiencies of 

the SS and SP topologies are identical. Subsequently, ySS−ySP 

is calculated as follows: 

   2 2 2

1 _ max 1 .SS SP c SS cy y r Z R R Z R     

As in (34), the sign of yss−ysp is only determined by the 

magnitude relationship between Zc and RSS_ηmax and the 

magnitude relation between Zc and R. Therefore, the boundary 

resistance for the efficiency corresponds to Zc. The boundary 

resistances for the output power and efficiency are identical to 

each other. Finally, an appropriate topology to achieve higher 

efficiency is summarized as shown in Table II. 

However, when we compare the efficiency between the SS 

and SP topologies, we should consider only the condition of 

RSS_ηmax<Zc. In several practical RIC-WPT systems, RSS_ηmax is 

typically lower than Zc. Subsequently, we calculate 

RSS_ηmax
2−Zc

2 to show that the magnitude relationship of 

RSS_ηmax<Zc is satisfied in several practical RIC-WPT systems. 

Based on the already introduced approximations, RSS_ηmax
2−Zc

2 

is expressed as follows: 
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In order to satisfy RSS_ηmax
 2−Zc

2<0 (i.e., RSS_ηmax<Zc), the factor 

of k2−Q2/Q1 must be negative. In several practical RIC-WPT 

systems, the coupling coefficient k is typically less than 0.3. 

Therefore, k2 tends as 0.1 or less. Conversely, Q2/Q1 typically 

exceeds 0.1. Generally, it is a rare case that Q1 is ten or more 

times than Q2. It should be noted that Q2 was defined as non-

load Q-factor in section II. Hence, the condition of RSS_ηmax≥Zc 

is typically ignored. 

Table I and Table II denote the proposed strategy of the 

topology selection based on the quasi-duality. The resistances 

of RSS_pmax and RSS_ηmax are well-known in RIC-WPT studies. 

Therefore, based on the proposed strategy, we easily 

understand which topology achieves higher performance by 

only comparing the simple resistances after designing the 

transmitting and receiving coils. 
 

IV. VERIFICATION 

 

In this section, we perform experiments to achieve the 

following two purposes. 

1) We verify the appropriateness of the unified analysis 

model shown in Fig. 11. 

2) We verify the appropriateness and the effectiveness of the 

proposed strategy of the topology selection shown in 

Table I and Table II. 

Fig. 12 shows the circuit configurations for the experiment 

related to SS and SP topologies. Furthermore, Fig. 13 shows 

TABLE I 

APPROPRIATE TOPOLOGY TO ACHIEVE HIGHER OUTPUT POWER 

 Equivalent AC  
load resistance R 

Output Power P
o 

R
SS_pmax

<Z
c 

R<Z
c SS topology > SP topology 

R=Z
c SS topology = SP topology 

R>Z
c SS topology < SP topology 

R
SS_pmax

=Z
c Load Independent SS topology = SP topology 

R
SS_pmax

>Z
c 

R<Z
c SS topology < SP topology 

R=Z
c SS topology = SP topology 

R>Z
c SS topology > SP topology 

TABLE II 

APPROPRIATE TOPOLOGY TO ACHIEVE HIGHER EFFICIENCY 

 Equivalent AC  
load resistance R 

Efficiency η 

R
SS_ηmax

<Z
c 

R<Z
c SS topology > SP topology 

R=Z
c SS topology = SP topology 

R>Z
c SS topology < SP topology 

R
SS_ηmax

=Z
c Load Independent SS topology = SP topology 

R
SS_ηmax

>Z
c 

R<Z
c SS topology < SP topology 

R=Z
c SS topology = SP topology 

R>Z
c SS topology > SP topology 
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the photograph of the experimental setup of the SS topology. 

In the experiment, the AC sinusoidal voltage source in the 

equivalent circuit is generated by the DC voltage source and 

the full-bridge inverter. The voltage generated by the full-

bridge inverter corresponds to a rectangular waveform. 

However, when the quality factor of the transmitter 

sufficiently exceeds 1, the rectangular waveform is assumed as 

a sinusoidal wave wherein the amplitude corresponds to a 

fundamental wave [4], [15].  

In this experiment, the load is configured as the rectifying 

circuit with the load resistance RL. Therefore, the equivalent 

AC load resistance R is not identical to RL. In general, R is 

affected not only by RL but also by the output filter Cf and Lf 

[19]. However, in order to simplify the relation between R and 

RL, we designed Cf and Lf to be sufficiently large so that the 

voltage of Cf and the current through Lf is almost constant. In 

this case, R is simply dependent only on RL. According to [33], 

the relation between R and RL can be expressed by (39) in the 

case of the SS topology and by (40) in the case of the SP 

topology. 


2

8
.LR R


  


2

.
8

LR R


  

Subsequently, in the experiment and the theoretical analysis, 

C2 of the SS and SP topologies are selected to resonate with L2 

at a designed resonance frequency f0. Therefore, C2 uses the 

same value for the SS and SP topologies. Conversely, C1 of 

the SS and SP topologies are selected to achieve a unity power 

factor at f0 after determining C2 [2], [3], [5], [12]. Thus, C1 of 

the SS and SP topologies are determined as follows: 

  2

1_ 2 2 1 1_ 2 2 1, 1 ,SS SPC L C L C L C L k    

where C1_SS corresponds to C1 for the SS topology and C1_SP 

corresponds to C1 for the SP topology. Therefore, C1_SS and 

C1_SP are different from each other. It should be noted that (41) 

satisfies the approximations of Lleak1C1≈Lleak2C2 and 

1/L1C1≈1/L2C2 introduced in section II when k is sufficiently 

smaller than 1. 

Table III shows the circuit parameters of the transmitter and 

receiver used in this section. As shown in Table III, r2 only 

includes the parasitic resistance of W2. Conversely, r1 includes 

the output resistance of the full-bridge inverter (=0.022 Ω), 

parasitic resistance of the resonance capacitor (=0.018 Ω), and 

parasitic resistance of W1 (=0.160 Ω). When the efficiency is 

low, the transmitter current is typically high. Thus, the output 

power is especially affected by r1. Therefore, we accurately 

model r1 to calculate the accurate output power in low 

efficiency conditions. 

 

A. Appropriateness of unified analysis model (Fig. 11) 

In this subsection, we demonstrate that the output power 

and the efficiency of the SP topology are calculated using the 

unified analysis model of Fig. 11 according to the quasi-

MC1

L1 L2
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r1 r2
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VDC

DC Voltage source and 
full-bridge inverter

Transmitter 
and receiver

Full-bridge rectifier, 
output filter, and load

Cf
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(b) 

Fig. 12 Circuit configurations for experiments. (a) SS topology. (b) SP 

topology. 
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Fig. 13 Photograph of experimental setup for SS topology. 

TABLE III 

CIRCUIT PARAMETERS FOR RESONATORS 

Symbols / Parameters Values 

L
1
 Self-inductance of W1 140.90 μH 

L
2
 Self-inductance of W2 55.20 μH 

M Mutual inductance between W1 and W2 8.73 μH 

k Coupling coefficient between W1 and W2 0.099 

r1 Whole parasitic resistance of transmitter 0.200 Ω 
r2 Parasitic resistance of W2 only 0.084 Ω 
f
0
 Designed resonance frequency 105.0 kHz 

Q1 Q-factor of transmitter 464.8 

Q2 Non-load Q-factor of receiver 433.5 

C
f
 Capacitance of output filter 100 μF 

L
f
 Inductance of output filter 1.1 mH 

C
1_SS

 Capacitance of transmitter  (Theory) 
(Experiment) 

16.31 nF 
16.23 nF 

C
1_SP

 Capacitance of transmitter (Theory) 
(Experiment) 

16.47 nF 
16.45 nF 

C
2
 Capacitance of receiver (Theory) 

(Experiment) 
41.62 nF 
41.47 nF 
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duality. As discussed in section II, Fig. 11 is derived using the 

coordinate transformation of the Lagrangian model and a few 

practically acceptable approximations. Therefore, the 

appropriateness of Fig. 11 should be validated not only in 

comparison with the theoretically calculated performance of 

the original equivalent circuit, i.e., Fig. 3(b) but also in 

comparison with the experimentally evaluated performance of 

the prototype circuit, i.e. Fig. 12(b). Consequently, the output 

power and the efficiency are compared among the following 

three circuits; Fig. 11 with the equivalent AC load resistance 

set as Zc
2/R, Fig. 3 (b), and Fig. 12 (b). 

Table III and Table IV show the circuit parameters in the 

evaluation in this subsection. We adopt three types of R to 

show that the unified analysis model of Fig. 11 is valid 

irrespective of the frequency splitting phenomenon. When R is 

set as 100 Ω, the frequency splitting phenomenon does not 

occur. Conversely, when R is set as 249.7 Ω or 1011.2 Ω, the 

frequency splitting phenomenon occurs. Specifically, the 

frequency splitting phenomenon significantly occurs when R 

is set as 1011.2 Ω. 

Subsequently, Fig 14 shows the output power and the 

efficiency of the SP topology based on the operating 

frequency f. In Fig 14, the dashed lines denote the theoretical 

analysis results derived from the original equivalent circuit of 

the SP topology shown in Fig. 3 (b); solid lines denote the 

theoretical analysis results derived from the equivalent circuit 

of Fig. 11 in which the equivalent AC load resistance is set as 

Zc
2/R; and markers denote the experimental results in Fig. 12 

(b). In this study, detailed derivation processes of the 

theoretical analysis of Fig. 3 (b) are excluded because the 

processes are based on general circuit theory. 

As shown in the theoretical analysis results of Fig. 14, Fig. 

3 (b) and Fig. 11 almost exhibit the same frequency 

dependence between the output power and efficiency. Strictly 

speaking, the calculated results of Fig. 11 slightly deviate from 

the calculated results of Fig. 3 (b) when the frequency splitting 

phenomenon significantly occurs. However, Fig. 11 

comparatively accurately estimates the output power and 

efficiency in the SP topology at frequencies corresponding to 

the multiple resonance modes. 

Additionally, the experimental results match well with the 

theoretical analysis results in the vicinity of the frequencies 

corresponding to f0 and multiple resonance modes. Practical 

RIC-WPT systems are typically operated in the vicinity of the 

frequencies corresponding to f0 and multiple resonance modes. 

Therefore, the results support the appropriateness and practical 

use of the unified analysis model. 

Furthermore, the unified analysis model does not exhibit a 

limit on the output power because any approximation for the 

output power was not introduced when the unified analysis 

model was derived. Hence, the unified analysis model is 

applied to various applications irrespective of the output 

power. 

 

B. Appropriateness and effectiveness of proposed strategy of 

topology selection (Tables I and II) 

Subsequently, we demonstrate that an appropriate topology 

between the SS and SP topologies is selected by only 

comparing simple resistance values. Table III and Table V 

TABLE IV 

CIRCUIT PARAMETERS FOR VERIFICATION OF APPROPRIATENESS OF 

UNIFIED ANALYSIS MODEL 

Symbols / Parameters Values 

V
DC
 Input DC voltage 20 V 

R Load resistance 100.0 Ω, 249.7 Ω, 1011.2 Ω  

 

0

25

50

75

100

125

0

0.2

0.4

0.6

0.8

1

95 100 105 110 115

Operating frequency f [kHz]

E
ff

ic
ie

n
cy

 η

O
u

tp
u

t 
p

o
w

er
P

o
[W

]

Experiment [Po of Fig. 12 (b)]

Calculation [Po of Fig. 3 (b)]

Calculation [Po of Fig. 11] 

Experiment [η of Fig. 12 (b)]

Calculation [η of Fig. 11] 

Calculation [η of Fig. 3 (b)]

 
(a) 

 

0

12

24

36

48

60

0

0.2

0.4

0.6

0.8

1

95 100 105 110 115

E
ff

ic
ie

n
cy

 η

O
u

tp
u

t 
p

o
w

er
P

o
[W

]

Operating frequency f [kHz]

Experiment [Po of Fig. 12 (b)]

Calculation [Po of Fig. 3 (b)]

Calculation [Po of Fig. 11] 

Experiment [η of Fig. 12 (b)]

Calculation [η of Fig. 11] 

Calculation [η of Fig. 3 (b)]

 
(b) 

 

0

20

40

60

80

100

0

0.2

0.4

0.6

0.8

1

95 100 105 110 115

E
ff

ic
ie

n
cy

 η

O
u

tp
u

t 
p

o
w

er
P

o
[W

]
Operating frequency f [kHz]

Experiment [Po of Fig. 12 (b)]

Calculation [Po of Fig. 3 (b)]

Calculation [Po of Fig. 11] 

Experiment [η of Fig. 12 (b)]

Calculation [η of Fig. 11] 

Calculation [η of Fig. 3 (b)]

 
(c) 

Fig. 14.  Verification of appropriateness of unified analysis model. (a) 

R=100.0 Ω. (b) R=249.7 Ω.  (c) R=1011.2 Ω. 
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show the circuit parameters used in the evaluation of this 

subsection. As shown in Table V, we perform the evaluations 

under the two conditions. The first condition satisfies 

Zc<RSS_pmax and RSS_ηmax<Zc. The second condition satisfies 

RSS_pmax<Zc and RSS_ηmax<Zc. In condition 1, f is set as the 

frequency in which the inverter achieves the unity power 

factor. Therefore, in the case of the theoretical analysis, f0 is 

105.00 kHz. Additionally, f for the experiment of the SS 

topology corresponds to 105.09 kHz, and f for the experiment 

of the SP topology corresponds to 104.95 kHz. The 

characteristic of the RIC-WPT system is sensitive relative to 

the slight variation in the resonant frequencies when f is set as 

the frequency in which the inverter achieves the unity power 

factor. Therefore, f is accurately adjusted by considering the 

error of the parameters of the resonators. Conversely, in 

condition 2, f is set as 107.00 kHz. In this case, f for the 

theoretical analysis and experiment are identical because f is 

relatively far from the frequency at which the inverter 

achieves the unity power factor. 

Subsequently, Fig 15 shows the output power and 

efficiency of the SS and SP topologies based on the equivalent 

AC load resistance under the two conditions. In Fig 15, the 

solid and dashed lines denote the theoretical analysis results; 

and markers denote the experimental results. As shown in Fig. 

15, an appropriate topology between SS and SP topologies is 

interchanged with Zc as the boundary. Furthermore, Fig. 15 

shows that an appropriate topology to achieve higher output 

power also depends on the magnitude relation between Zc and 

RSS_pmax. The results are consistent with those in Table I and II. 

Therefore, it is confirmed that an appropriate topology is 

selected by only comparing simple resistance. 

Finally, we discuss applicable ranges of the proposed 

strategy for the topology selection. In section II, we introduced 

three approximations for the coupling coefficient, operating 

frequency, and Q-factor to elucidate the quasi-duality. 

Therefore, there are applicable ranges in the proposed strategy. 

Among the approximations, the approximation for the Q-

factor is usually satisfied. The output power and efficiency of 

the RIC-WPT are well known to be higher as the Q-factor is 

higher [3], [6]. Therefore, the Q-factor is typically designed as 

higher, and thus Q1 and Q2 sufficiently exceed 1 in practical 

RIC-WPT systems [2]. Therefore, when we use the proposed 

strategy of the topology selection, it is typically necessary to 

TABLE V 

CIRCUIT PARAMETERS FOR VERIFICATION OF APPROPRIATENESS OF 

PROPOSED STRATEGY OF TOPOLOGY SELECTION 

 Symbols / Parameters Values 

C
o

n
d

it
io

n
 1
 

V
DC
 Input DC voltage 6 V 

f Operating 
frequency 

(Theory) 
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(Experiment of SP topology) 

105.00 kHz 
105.09 kHz 
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C
o

n
d

it
io

n
 2
 

V
DC
 Input DC voltage 18 V 

f Operating 
frequency 

(Theory) 
(Experiment of SS topology) 
(Experiment of SP topology) 

107.00 kHz 
107.00 kHz 
107.00 kHz 
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(b) 

Fig. 15.  Comparison of Po and η between SS and SP topology. (a) condition 1 (Zc<RSS_pmax and RSS_ηmax<Zc). (b) condition 2 (RSS_pmax<Zc and RSS_ηmax<Zc). 
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consider only the approximations for the coupling coefficient 

and operating frequency.  

Fig. 16 shows the theoretical calculation results of the 

output power and the efficiency of the SS and SP topologies 

under various practically achievable coupling coefficients. Fig. 

16(a) shows the results at f ∕ f0=1.00 at VDC=5V; and Fig. 16(b) 

shows the results at f ∕ f0=1.14 at VDC=20V. In each of these 

operating conditions, the SS and SP topologies were 

calculated and compared under the same VDC, although VDC 

was set at different values between these two operating 

conditions so that the calculated output power at Zc becomes 

within the range of 0.lW–100W.  

As shown in Fig. 16, the proposed strategy of the topology 

selection in Table I and Table II is approximately effective 

even if the operating frequency slightly deviates from the 

resonant frequency. Furthermore, the proposed strategy is also 

approximately effective under a wide range of the coupling 

coefficients. 
 

V. CONCLUSION 

 

It is typically difficult to select an appropriate topology 

between SS and SP topologies because the topologies are 

usually analyzed and designed based on a different equivalent 

circuit. In order to address this issue in this study, we first 

elucidated the quasi-duality between the SS and SP topologies, 

which indicates that the output power and efficiency of the SP 

topology were analyzed via the equivalent circuit of the SS 

topology. Subsequently, based on this knowledge, we 

proposed a straightforward strategy of topology selection. 

Based on the proposed strategy, an appropriate topology can 

be selected by only comparing the equivalent AC load 

resistance, characteristic impedance, and AC load resistance 

that can achieve the maximum efficiency or maximum output 

power of the SS topology. Furthermore, the appropriateness 

and the effectiveness of the proposed strategy were 

successfully confirmed via experiments. Finally, we 

concluded that the proposed strategy is promising in terms of 

selecting an appropriate topology to achieve higher output 

power or efficiency at the beginning of the RIC-WPT design. 

The proposed strategy is limited to the topology selection 

between the SS and SP topologies because only the quasi-

duality between the SS and SP topologies have been 

elucidated using the Lagrangian dynamics. However, the 

similar strategies may be able to derive for other topologies, if 

the Lagrangian dynamics are applied to elucidate the quasi-

duality or similar relations for these other topologies.  
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